We derive algebraic recurrence relations to obtain a deformation quantization with separation of variables for a locally symmetric Kähler manifold. This quantization method is one of the ways to perform a deformation quantization of Kähler manifolds, which is introduced by Karabegov. From the recurrence relations, concrete expressions of star products for one-dimensional local symmetric Kähler manifolds and CP N are constructed. The recurrence relations for a Grassmann manifold G 2,2 are closely studied too.
Introduction
Deformation quantizations were introduced by Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer [3] as a method to quantize spaces. After [3] , several ways of deformation quantization were proposed [8, 26, 9, 20] . In particular, deformation quantizations of Kähler manifolds were provided in [22, 23, 6, 7] . The deformation quantization with separation of variables is one of the methods to construct noncomutative Kähler manifolds given by Karabegov [14, 15, 16] . In this article, only the deformation quantization with separation of variables is studied.
A noncomutative product on a quantized manifold is given by a star product which is defined in a form of a formal power series of deformation parameter . The star product is obtained as solutions of an infinite system of differential equations . The existence of the solution is proved for a wide class of manifolds, however explicit expressions of deformation quantizations are constructed only for few kinds of manifolds, because it is difficult to obtain a concrete solution of the system of differential equations, in general.
In [27] explicit expressions of star products of noncomutative CP N and CH N were provided as the deformation quantization with separation of variables. 1 The reason that they were provided is that CP N and CH N are locally symmetric spaces. The symmetry makes our problems be simple ones. In [27] , star products on general locally symmetric Kähler manifolds are also 1 See also the following references. Star products on the fuzzy CP N are investigated in [1, 18, 13] . A deformation quantization of the hyperbolic plane was provided in [4] .
discussed, but it is not enough to obtain explicit expression of the star products.
The purpose of this article is to derive algebraic recurrence relations to make concrete expression of star products on locally symmetric Kähler manifolds. The method in this article overcome the problems in [27] . Using the recurrence relations, star products on some locally symmetric Kähler manifolds, the Riemann surfaces and CP N , are obtained.
The organization of this article is as follows. In Section 2, we review the deformation quantization with separation of variables proposed by Karabegov. In Section 3, explicit formulas to obtain star products on local symmetric Kähler manifolds are given explicitly. In Section 4, the explicit expression of star products of one-dimensional locally symmetric Kähler manifolds (Riemann surfaces) are constructed. A two-dimensional case is also discussed. In Section 5, we give an explicit formula to obtain star products on a Grassmann manifold, and star products on CP N are obtained by using the formula. Finally, we summarize our results and discuss their several perspectives in Section 6.
Review of the deformation quantization with separation of variables
In this section, we review the deformation quantization with separation of variables to construct noncommutative Kähler manifolds.
An N -dimensional Kähler manifold M is described by using a Kähler potential. Let Φ be a Kähler potential and ω be a Kähler 2-form:
where z i ,z i (i = 1, 2, . . . , N ) are complex local coordinates.
In this article, we use the Einstein summation convention over repeated indices. The gk l is the inverse of the Kähler metric tensor g kl . That means gk l g lm = δkm. In the following, we use
Deformation quantization is defined as follows.
Definition 1 (Deformation quantization). Deformation quantization of Poisson manifolds is defined as follows. F is defined as a set of formal power series:
A star product is defined as
such that the product satisfies the following conditions.
1. (F, +, * ) is a (noncommutative) algebra.
2. C k (·, ·) is a bidifferential operator.
3. C 0 and C 1 are defined as 5) where {f, g} is the Poisson bracket.
Karabegov introduced a method to obtain a deformation quantization of a Kähler manifold in [15] . His deformation quantization is called deformation quantizations with separation of variables Definition 2 (A star product with separation of variables). * is called a star product with separation of variables on a Kähler manifold when
for an arbitrary holomorphic function a and
for an arbitrary anti-holomorphic function b.
We use
where α is a multi-index α = (α 1 , α 2 , . . . , α n ). In this article, we also use the Einstein summation convention over repeated multi-indices and a α D α := α a α D α . There are some useful formulae. Dl satisfies the following equations. 8) where [A, B] = AB − BA . Using them, one can construct a star product as a differential operator L f such that f * g = L f g.
Theorem 2.1. [Karabegov [15] ]. For an arbitrary Kähler form ω, there exist a star product with separation of variables * and it is constructed as follows. Let f be an element of F and A n ∈ S be a differential operator whose coefficients depend on f i.e.
where α is an multi-index α = (α 1 , α 2 , . . . , α n ). Then,
is uniquely determined such that it satisfies the following conditions.
For
2.
Then the star products are given by
and the star products satisfy the associativity;
Recall that each two of Dī commute each other, so if a multi index α is fixed then the A n is uniquely determined. (2.12)-(2.14) imply that L f g = f * g gives deformation quantization.
Definition 3.
A map from differential operators to formal polynomials is defined as
This map is called "twisted symbol". It becomes easier to calculate commutators by using the following theorem. 3 Deformation quantization with separation of variables for a locally symmetric Kähler manifold
In this section, explicit formulas to obtain star products on local symmetric Kähler manifolds are constructed. A method of Karabegov in Section 2 is used for the constructing.
At first we list notations used in this article. Let M be a N -dimensional Kähler manifold,
field. The classical style of covariant derivative ∇ i := ∇ ∂ i acts on coefficients of tensor fields as
where Γ i jk is the Christoffel symbol. The Riemannian curvature of a Hermitian manifold M is defined as
For Hermitian manifolds, the Christoffel symbols are given as
The Riemannian curvature of a Hermitian manifold M is obtained as
On a Kähler manifold, its metric is described by using Kähler potential Φ as (2.1). Then its Riemannian curvature is given by
Operators D αn and D β * n are defined by using D k = g km ∂m and Dj = gj l ∂ l as
and α n and β * n are N -dimensional vectors whose summation of their all elements are set to be n;
and D (5,−2,3) = 0 for a 3-dimensional manifolds case with n = 6. e i is used as a N -dimensional vector
From here to the end of this section, we make up recurrence relations to construct explicit expressions of star products on locally symmetric Kähler manifolds.
A Riemannian(Kähler) manifold (M, g) is called a locally symmetric Riemannian(Kähler) manifold when ∇ m R ijk l = 0 (∀i, j, k, l, m). Only locally symmetric Kähler manifolds are studied in this article.
We assume that a star product with separation of variables for smooth functions f and g on a locally symmetric Kähler manifold M has a form
where
αn β * n is defined by the summation over all α * n and β * n satisfying α * n = β * n = n. In brief, 
Proof. From (3.3), the star product for smooth functions f and g on M is given as
) is expressed as
By the definition of the deformation quantization (2.5) the first term is related to the Poisson bracket:
The purpose of remained part of this section is to replace the recurrence relations as differential equations by those of algebraic equations. We need to calculate [L f , ∂īΦ·] and [L f , ∂ī] in (2.11).
Proposition 3.2. Let f and g be smooth functions on a locally symmetric Kähler manifold M and L f be a left star product by f given as (3.3). Then
The following formulas are given in [28] .
Fact 3.3. For smooth functions f and g on a locally symmetric Kähler manifold, the following formulas are given. 
From Fact 3.3, the second term of (3.5) becomes
To calculate the first term of (3.5) we calculate D β * n , ∇ī g :
For these terms, we evaluate
Cache1. If β n a = 1 the last line of (3.7) is written as
Recall that (Dj) n = 0 for negative n by definition.
Carce2. If β n a > 1 and N k=a+1 β n k > 0, by using Fact 3.3, we obtain (3.7) as
Here, we used Putting Carce 1,2 and 3 into a shape and recalling that M is a locally symmetric Kähler manifold , (3.7) is rewritten as
Then we find that the first term of (3.5) is expressed as
Finally , we get the result with substituting (3.6) and (3.14) into (3.5)
Theorem 3.5. When the star product with separation of variables for smooth functions f and g on a locally symmetric Kähler manifold is given as
these covariantly constants T n αn β * n are determined by the following recurrence relations Theorem 3.6. When the star product with separation of variables for smooth functions f and g on a local symmetric Kähler manifold is given as
these smooth functions T n αn β * n , which are covariantly constants, are determined by the following recurrence relations for ∀i :
Proof. Changing the summation of Theorem 3.5,
and this implies the theorem.
One and two dimensional cases
By using Theorem 3.6 we can provide explicit star products for locally symmetric Kähler manifolds. In this section, an explicit expression of a star product of a one-dimensional locally symmetric Kähler manifold is constructed as an example. A two-dimensional locally symmetric Kähler manifold is also considered.
At first, we study an explicit expression of a star product of a one-dimensional locally symmetric Kähler manifold. A formal discussions are given in [32] , and star products are studied in [25] . Complex surfaces with arbitrary genus are known as a example of such manifolds when we chose proper coordinates and metrics. The Scalar curvature R is defined as
Proposition 4.1. Let M be a one-dimensional locally symmetric Kähler manifold (N = 1) and f and g be smooth functions on M . The star product with separation of variables for f and g can be described as
Proof. N = 1, i = 1 and
are substituted in Theorem 3.5 , then we obtain
or equivalently, the recurrence relation of T n is given as
From Proposition 3.1 the first term T 1 is given as T 1 = g 11 . Then, T n is given as
Next, we discuss star products on general two-dimensional locally symmetric Kähler manifolds.
According to Proposition 3.1, for a two-dimensional locally symmetric Kähler manifold M ,
Next, we estimate T 2
Proposition 4.2. Let M be a two-dimensional locally symmetric Kähler manifold and f and g be smooth functions on M . T 2
The proof is given in appendix A.
Deformation quantization for complex Grassmann manifold
In this section, recurrence relations to obtain star products on complex Grassmann manifolds are derived. Especially we calculate star products of CP N . Note that this star product is also equal to the ones given in [5, 12, 28] , and if we put a some restriction our star product is also equal to the one given in [1] , as they are shown in [27, 21] . The equivalence is also discussed in [31, 32] . In addition, recurrence relations to construct star products for G 2,2 was derived. Deformation quantization of Grassmann manifolds and flag manifolds were studied in [17, 10, 11, 24] . Complex Grassmann manifold G p,q is defined as a set of the whole p dimensional part vector space of p + q dimensional vector space V . The local coordinate can be defined in a similar way to S. Kobayashi and K. Nomizu pp.160-162 [19] .
Let U be an open subset of G p,q . A chart (U, φ) is defined by
0 . This is a holomorphic map of U onto an open subset of p × q-dimensional complex space.
In this section, capital letter indices A, B, C · · · mean aa ′ , bb ′ , cc ′ · · · . In the inhomogeneous coordinates
where Z = φ (Y ) = (z I ) ∈ M (q, p; C) and E q ∈ M (q, q; C) is the unite matrix. From (5.1), the following facts are derived.
with
Fact 5.2. The curvature of a complex Grassmann manifold is
From these facts, we can derive the recurrence relations to determine star products on the Grassmann manifolds.
Some preparations
A function similar to the determinant is defined on the matrix space.
Definition 4. Let C = (C k,l ) 1≤k≤n,1≤l≤n be a n × n matrix. We define | · | + as a C-valued function on M (n, n; C) such that
Example 1. Here we show some examples. These suggest some properties like determinant. Remark. Similar to a determinant
where t C is a transposed matrix of C.
The following is a proposition similar to cofactor expansion of a determinant.
Proposition 5.3.
A proof for this function is similar to the case of determinants.
Definition 5. A matrix G αn, β * n is defined by using the Riemannian metrics on M . Its elements are metrics on M and are located as follows. α n and β n are elements of Z N .
From Proposition 5.3, we obtain the following corollary.
Deformation quantization for a complex projective space
In this subsection, we obtain concrete expression of star products on CP N . A complex projective space CP N is a Grassmann manifold 
Proof. The curvature (5.2) is substituted for Theorem 3.6, and the following is proved.
We also use
then the above is rewritten as
The theorem follows from this.
Theorem 5.6. Let f and g be smooth functions on a projective space CP N . A star product with separation of variables on a projective space CP N is given as
Proof. We show that
3). The R.H.S of (5.3) for this case is given as
Using Corollary 5.4, R.H.S. of the above is rewritten as
This shows the given T n αn β * n satisfies the recurrence relation (5.3).
Fact 5.7. Let f and g be smooth functions on a projective space CP N . A star product on a projective space CP N is given in [28] as
As mentioned in Section 2, the star product with separation of variables is uniquely determined. This fact means (5.4) coincides with (5.5). This coincidence is easily checked from Definition 5.
Deformation quantization for a G 2,2
In this subsection, we derive the recurrence relation to obtain concrete expression of star products on a Grassmann manifold G 2,2 . The inhomogeneous coordinates are z 11 ′ , z 12 ′ , z 21 ′ and z 22 ′ . To decide the order of coordinates is useful in order to calculate the finite sum. We set the order:11 ′ < 12 ′ < 21 ′ < 22 ′ . In this subsection, j is used as "Not i". That means that if i = 1 then j = 2 and if i = 2 then j = 1. For example, if
Theorem 5.8. Let f and g be smooth functions on G 2,2 . The recurrence relation of T n αn β * n given in (3.3) is
for each I.
Proof. The curvature (5.2) is substituted into Theorem 3.6, and the following is obtained. The theorem follows from this.
Star products on a noncommutative G 2,2 are determined by this formula recursively. For general G p,q , the recurrnce relations are determined in a similar way.
Conclusion
In this article, noncommutative locally symmetric Kähler manifolds have been studied by using deformation quantization given by Karabegov [15] , which is called deformation quantization with separation of variables. The similar approach was already tried in [27] , and recursion relations and explicit expression of star products for CP N and CH N are also given in it. In this article, we improve the method in [27] to more useful one. The point to obtain the concrete star products is to translate the system of PDE into algebraic recursion relations. The fact that the Riemannian curvature tensor is given as a covariantly constant removes the complication of the system of PDE. From the results, we can construct explicit star products order by order by using only algebraic calculations. As an example, a concrete expression of a star product for dim C M = 1 locally symmetric Kähler manifolds was obtained in Section 4. It is know that Riemann surfaces with arbitrary genus are possible to be described as such locally symmetric Kähler manifolds under proper settings. For dim C M = 2 case, a star product was explicitly given until the second order of derivative, too. The Grassmann manifolds are typically manifolds of symmetric Kähler manifolds. In Section 5, we also studied the algebraic recursion relations for star products for the Grassmann manifolds, too. As an example, we constructed a star product for CP N , that is equal to the star product in [27] , but it has a different expression.
Before the end of this article, we make two comments. The first one is about the representation of the noncommutative manifolds given by the deformation quantization with separation of variables. In [29] , the Fock representation for noncommutative CP N is constructed. Using new star products with separation of variables for Riemann surfaces given in this article, we can make such kind of Fock representation, similarly. Indeed, the recipe to construct the twisted Fock representation is already constructed for general Kähler manifolds in [30] . The second comment is about the star products for general Grassmann manifolds. In this article, star products on CP N are given as an easy case of Grassmann manifolds. It is expected that explicit star products for the general Grassmann manifolds are obtained by the similar way of this article. This problem is left for a future work.
